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1. Introduction 

Often in studying representation theory we find that certain representation categories are 
semisimple. This is an illuminating property, since in such categories it suffices to study the 
simple objects. The research presented in this paper is motivated by the desire to expand 
our available tools for proving semisimplicity, with a special focus on representations of the 
quantum double. 

A familiar result in this direction is that representations of semisimple Lie algebras are 
semisimple [21 28]. Pivotal to the proof of this theorem is the existence of a Casimir element 
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with certain properties. The proof generalizes nicely to quantized enveloping algebras [TJ 587- 
589]. In Section [3731 we further generalize the proof to a Hopf algebra H, which covers both 
cases. 

Theorem 1.1. Let H be a Hopf algebra and letC be an Abelian category of finite-dimensional 
H-modules which is closed under extension. Suppose that H has a Casimir element which 
acts by 0 on a simple module V if and only if V is the trivial module. If the extension of the 
trivial module by itself is 0, then C is semisimple. 

In cases where the center of H is not well understood and no such Casimir element is 
known, we choose to pursue a different approach. Matrix coefficients of representations 
of Lie groups were hrst described by Elie Cartan, and they were used by Fritz Peter and 
Hermann Weyl in the 1920’s to decompose representations of compact topological groups 
in their famous Peter-Weyl theorem. Israel Gelfand continued using matrix coefficients 
of representations to bring new insight to several classical problems. Their work is the 
inspiration for our approach. 

In Section 13.11 we describe a correspondence between algebra representation categories 
and sub-bimodules of the dual of the algebra. We show that if A is an algebra and H is a 
hnite-dimensional left H-module, then there is a bimodule morphism 

given by /3v{v ® C){a) = ({a > v). (1.1) 

We thus view A* as the best place to look for H-modules, and we examine some other 
properties of this correspondence. 

In Section 13.21 we establish a Peter-Weyl-type theorem that makes use of this correspon¬ 
dence to prove semisimplicity of a category. 

Theorem 1.2. Let B be a bialgebra and C be an Abelian category of finite-dimensional B- 
modules. Then C is semisimple if and only if the image B^ of C under the correspondence 
fll.ip has Peter-Weyl decomposition 

B*c = ^MV®V*) 

V 

as an internal direct sum over all isomophism classes in C. 

Our goal is to make use of these ideas to establish semisimplicity in a new situation. 
It is well-known that if if is a hnite-dimensional Hopf algebra and if representations of 
H and H* are semisimple, then so are representations of the quantum double D[H) [HI 
193]. This is not necessarily true when H is inhnite-dimensional; for example, not all hnite- 
dimensional representations of /^(^/(sh)) are semisimple. Neither are all hnite-dimensional 
representations of nor of its double il(17q(sl2)), when q is specialized to a root of 

unity. However, in the author’s conversations with Victor Ostrik, the following conjecture 
was made for generic q. It appears to be an open problem, and very difficult, even when 
0 = sh. 

Main Conjecture 1.3. Let q be a semisimple Lie algebra. Then every finite-dimensional 
representation of D{Ug{Q)) is semisimple. 

In Section [3^ we further conjecture what the simple il(f/q(g))-modules are, as we now 
describe. Suppose that ii is a Hopf algebra with invertible quasi-triangular structure R. 
Given a left ii-module V, we can construct two left il(ii)-modules V~^ and V~ using R and 
R~^, respectively. 
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Lemma 1.4. Suppose that all left H-modules are semisimple, that V ®V* is semisimple 
for any simple H-module V, and that V~^ ^ V~ if V is non-trivial. If U and V are simple 
H-modules, then the D{H)-module ® V~ is simple. 

It is unclear whether we have accounted for all simple -modules: Although the 

additive span of such U~^ < 8 ) V~ is closed under tensor multiplication, we do not know whether 
it is closed under extension. In the author’s conversations with Victor Ostrik, the following 
conjecture was made. 

Conjecture 1.5. Let q be a semisimple Lie algebra. The simple D{Uq{Q))-modules are, up 
to isomorphism, the modules Vf~ 0 V~ 0 Uq where A and fi are dominant integral g-weights 
and Uo belongs to the (finite) set of one-dimensional DfUq^o))-modules. 

Because little is known about the center of D{Uq{g)), we have little hope of applying 
Theorem 11.11 Our main conjecture appears to be very difficult, so even a little progress 
would be quite helpful. In this paper we consider the semisimple Lie algebra g = sl 2 and 
attempt to apply Theorem 11.21 

Remark 1.6. One advantage of this strategy is that B* is not just a left R-module, but also 
a right R-module. In the case of D{H), the right action binds together the multiplicities of 
each left D{H)-modn\e into a single iA(iL)-bimodule without multiplicity. 

Now when H is inhnite-dimensional, the structure of D{H)* is very complicated. If C is 
the hnite dual of H, then D{H) is the coalgebra C with the necessary algebra structure 
to make it into a Hopf algebra, as we explain in Section 12.51 It follows that the Hopf algebra 
D{H)* contains H®C as a subalgebra with the tensor algebra structure. The action of D{H) 
on if 0 C is determined completely by the Hopf pairing of H and C. Now H <^C = D{H)* 
when H is hnite-dimensional, but not when H is inhnite-dimensional. However, we show in 
Section 14.11 that ii 0 C is still a surprisingly interesting object in the inhnite-dimensional 
case. 

Theorem 1.7. The subalgebra H ® C <Z D{H)* is a sub-bimodule. 

In Section 13.11 we dehne {H ® C)f to be the sub-bimodule of elements of ii 0 (7 which 
generate hnite-dimensional iA(ii)-bimodules, and we note that this space is also an algebra. 
We remark here that {H ® C)f is not a new object; in fact, for any Hopf algebra ii, the 
subalgebra {H ®C)f <Z D{H)* is the intersection of ii 0 C with the Sweedler dual D{H)°. 

In Section 14.21 we focus our attention on the Hopf algebra Now for hnite- 

dimensional ii, an element of ii 0 C is locally-hnite under the actions of D[H) if and 
only if it is locally-hnite under the actions of H. It is very helpful that the same holds for 
H = Uq{sh). 

Proposition 1.8. An element of Uq{5l2) 0 Cq[SL 2 ] C D{Uq{5l2))* is locally-finite under the 
actions of D{Uq{sl 2 )) if and only if it is locally-finite under the actions ofUq{5l2). 

Just as highest-weight vectors are key to the study of tJq(sl 2 )-modules, so too are highest- 
weight bivectors (those which are highest-weight on both the left and the right) key to achiev¬ 
ing these results. We use Remark extensively. We show that one particular D{Uq{sl 2 ))- 
bimodule, denoted "Hpi, has a set {vi, V 2 , V 3 , V 4 } of four canonical highest-weight bivectors 
which play a very important role in the representation theory of D{Uq{sl 2 )). 

Proposition 1.9. The subalgebra of highest-weight bivectors in iiq(sl 2 ) 0 Cq[SL 2 ] is locally- 
finite and is generated as an algebra by {vi, V2, V3, V4}. 
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This result helps us to prove our main theorem. We write to denote the image of 

D)- 

Main Theorem 1.10. As a D{Uq{si 2 ))-himodule, 

(f/,(5[2)®CjSL2])^= 0 

A,m>0 

X-fxe2Z 

and this is a Peter-Weyl decomposition. 

By Theorem ll.2l this proves semisimplicity of a substantial subcategory of finite-dimensional 
^(f^g(5l2))-modules. 

At the end of Section |T]2] we give a presentation and basis for the algebra of highest-weight 
bivectors (This algebra was quite surprising to the author, suggesting that the algebra of all 
locally-finite bivectors merits further investigation). We also generalize our main results to 
conjectures for other semisimple Lie algebras. 

Acknowledgements. The author is tremendously indebted to his advisor, Arkady Beren- 
stein, for his guidance, encouragement, and enthusiasm. The author also thanks Victor 
Ostrik for enlightening discussions. 


2. Background 

2.1. Hopf algebras, modules, and comodules. The material in this section is well known 
and can be found in many sources, such as Chapter 1 of [1]. 

Definition 2.1. An algebra A over a field A; is a fc-vector space with a linear multiplication 
map pi\ A® A ^ A satisfying p.{h,c)) and a linear unit map rj \ k ^ A 

satisfying pi,{rj{l), a) = /i(a, ?7(1)) = a, for all a,b,c G A. 

In more familiar notation, these conditions are written {ab)c = a{bc), which we thus write 
abc, and la = al = a. We will usually use this more familiar notation, but the advantage 
of the given definition is that its conditions can be expressed using commutative diagrams 
(See Figured]). This makes it easy to define a dual notion, that of a coalgebra over k. 


1 ® /i 

A® A® A -> A® A 


/i 01 

A (g) A 


A 


?? 01 

A® A <- k® A 

1 0 ?7 

A® k - > A 



Figure 1. Conditions on the multiplication and unit of an algebra 


Definition 2.2. A coalgebra C over a held /c is a fc-vector space with a linear comultiplication 
map A: C ^ C ® C satisfying (A (g) 1) o A = (1 (g) A) o A and a linear counit map e\ C ^ k 
satisfying (1 ® £)(Ac) = (e (g) l)(Ac) = c for all c e C. 
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1 ® A 

c®c®c 


A® 1 


c®c 


c 


„ „ e ® 1 , „ 

C ®C -> k®C 



C®k< - C 


Figure 2. Conditions on the comnltiplication and connit of a coalgebra 

We use Sweedler’s notation A(c) = C(i)®C( 2 ), where it is understood that this is often a sum 
of elementary tensors. In this notation, the counit condition is C(i)£(c( 2 )) = £(c(i))c( 2 ) = c, 
and the coassociativity condition is 

(C(l))(l) ® (Cl))(2) ® C(2) = C(l) ® (C2))(l) ® (C(2))(2)- 
This coproduct may thus be written A^c = C(i) 0 C( 2 ) 0 C( 3 ). 

Definition 2.3. An element c of a coalgebra is called group-like if Ac = c 0 c. 

Definition 2.4. A bialgebra B over a held fc is a /c-vector space that is both an algebra and 
a coalgebra over k such that A and c are algebra homomorphisms. Equivalently, fi and rj 
are coalgebra homomorphisms. 

Definition 2.5. A Hopf algebra H is a. bialgebra with a linear antipode map S: H ^ H 
such that S'(h(i))h( 2 ) = h(i)S'(h( 2 )) = e{h). (See Figure [3l) 


H 


- -> k -^-> H 


5 ® 1,1 ® S 

H®H - > H®H 


Figure 3. Condition on the antipode of a Hopf algebra 

Definition 2.6. Let A be an algebra over k. A left A-module H is a fc-vector space with a 
linear action >: A®V —)■ F satisfying 1 > n = n and ab > v = a \> {b > v) for all a,b E A 
and V E V. Right actions and modules are dehned similarly. An A-bimodule has left and 
right actions satisfying {a > v) < b = a \> {v < b) for all a,h E A and v E V. 

Definition 2.7. Let C be a coalgebra over k. A left C-comodule F is a fc-vector space with 
a linear coaction 5: F —)■ C 0 F satisfying {e 0 l)(5n) = v and (1 0 5 ) o 5 = (A 0 1) o <5 for 
all n G F. Right coactions and comodules are dehned similarly. 

We write 5{v) = 0 (which may in fact be a sum of elementary tensors). Then 

the hrst condition on 5 can be written = v, and the second condition allows us 

to write 5'^v = 0 0 n®. 

Lemma 2.8. Let A be an algebra. Then A* is an A-bimodule where the left action is 
(a > f){cL') = f(yCL(i') and the right action is (/ < a)(o') = f{a'a). 
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Lemma 2.9. The category of algebras over k is monoidal, where A®B has multiplication 

{a ® b) {a' (g) b') = aa' 0 bb' 

and unit PAiX) ® hBiX)- 

Lemma 2.10. The category of coalgebras over k is monoidal, where A® B has comultipli¬ 
cation 

A(a ®b) = (a(i) 0 6 (i)) 0 (a( 2 ) 0 6 ( 2 )) 
and counit e{a 0 6 )= eA{a)sB{h). 

Lemma 2.11. Let B be a bialgebra. The category of left B-modules is monoidal with 

6 > (m 0 f) = ( 6 ( 1 ) > m) 0 ( 6 ( 2 ) > v). 

Lemma 2.12. Let B be a bialgebra. The category of left B-comodules is monoidal with 

S{u 0 t) = 0 M 0 T. 


2.2. Examples of bialgebras and Hopf algebras. The construction we use here for 
Uq{g) is detailed in [U 95-97]. Let g be a complex simple Lie algebra, t be a Cartan 
subalgebra, and t* be its dual linear space. Let Oj G t* be a system of positive simple roots. 
If ( , ) is the symmetric bilinear form on t* derrived from the inverse of the Killing form, 
and dj = 2aj/(aj,Q!j) are the coroots, then = (dj,Q!j) is the Cartan matrix. Dehne 
di = {ai,ai)/2, which is always an integer. Then Uq{g) can be defined over the held C(g) 
with generators {Kf^, Et, Fi} and with qt = q‘^\ 


Definition 2.13. Let g be a complex simple Lie algebra with the structure described above. 
Using the notation [n]q = and [n]q\ = [n]q[n - 1]^ • • • [l]g with we 

dehne Uq{Q) to be the Hopf algebra generated by Ei, Fi] with relations [Ki, Kf = 0, 


-1 


K,EqK-^ = q^-Ej, K,FqK-^ = q-<^-Fq, [E^, Ff = 6 ,, ^^ , 

Qi-Qi 

1 diq 




1 — a. 
k 




k=Q 

1—a.ij 

k={) 


E.~‘'^^~^EjEf = 0 for all i ^ j. 


k 


Qi 


qi 


FjF^ = 0 for all i ^ j, 


and comultiplication, counit, and antipode maps 


AKi = Ki® Ki, AEi = Ei® Ki + l® Ei, AFi = Fi®l + 0 Fi, 

e{Ki) = 1 , e{Ei) = e{Fi) = 0 , 

SK, = K-\ SE, = -E,K-\ SF, = -K,F,. 


Remark 2.14. For Uj(s[ 2 ) there is a Casimir element 


A 


EE + 


q-^K + qK-^ 

{q-q-^y 


EE + 


qK + q-^K-^ 


which belongs to the center of [/^(sh). 


(g-g-i )2 











SEMISIMPLICITY OF CERTAIN REPRESENTATION CATEGORIES 


7 


If y is a left t/g(g)-module, a nonzero vector n G Id is said to be highest-weight if Ei > v = 0 
for all i, and the subspace of highest-weight vectors is denoted '^V. We dehne similarly 
for right f/g( 0 )-modules. The following result is a consequence of the comultiplication of Ei 
and of Lemma 12.111 

Lemma 2.15. IfV is a Uq{Q)-module, then '^V (resp. V~^) is a subalgebra. 

We say that a module V is locally finite if every n G Id generates a hnite-dimensional 
submodule. 

Lemma 2.16. If a Uq{g)-module V is locally finite, then '^V (resp. Id+j generates V. 

Quantum matrices are another class of bialgebras. The construction we use is detailed 
in [5l 5-6]. Let the coordinate functions on the space of m x n matrices be denoted Xij, 
l<i<m, l<j<n. The tensor algebra T(Matmxn) generated by {Xij} is a bialgebra 
with comultiplication and counit given by 

^(Xij) = Y,^Xik® Xkj and e(Xij) = 6ij. ( 2 . 1 ) 

Consider the free algebra Id on n generators ei,..., e„. This algebra is a comodule over 
the bialgebra T(Mat„xn) with coaction 

n 

d{ei) = ^Xij®ej. ( 2 . 2 ) 

j=i 

The bialgebra of quantum matrices Cg[Mat„xn] is a quotient of the tensor bialgebra 
T(Mat„xn) such that both the quantum symmetric algebra and the quantum exterior alge¬ 
bra are comodules. More precisely, we dehne the symmetric algebra SqiV) and the exterior 
algebra Aq(Id) by 

Sq{V) = T{V)/{ejei - qCiCj \ i < j) 

and Aq(Id) = T(y)/{ej Aci q~^ei Aej \ i < j). 

The following result is well-known (See [5], for example). 

Theorem 2.17. There exists a quadratic bi-ideal I in the bialgebra T(Mat„xn) such that 
( 12 . 2 p extends to algebra homomorphisms 

Sq{V) ^ (T(MaQxn)//) «) ^,(C) (2.3a) 

and Eqiy) -A (T(Mat„xn)/-^) <8 Aq(Id). (2.3b) 

We dehne Cq[Matnxn] to be the quotient of T(Mat„xn) by the minimal such I. Since 
the coactions ( 12 .3p are homogeneous, we may restrict the latter coaction to the top power 
(Aq(Id))"', which is 1-dimensional. The image of this restriction is spanned by a central, 
group-like element of Cg[Mat„xn] which we call the quantum determinant detg(Mat„xn) of 
Cq[Mat„xn]- If the quantum determinant is made to be invertible, this will produce an 
antipode. 

Definition 2.18. The Hopf algebra Cq[GL„] is the localization of the quantum matrix 
bialgebra Cq[Matnxn] at the quantum determinant detq(Mat„xn)- 

Definition 2.19. The Hopf algebra Cg[SL„] is the quotient of the quantum matrix bialgebra 
Cg[Mat„xn] by imposing detg(Mat„xn) = 1- 
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Example 2.20. We give a presentation of Cg[SL 2 ] with the fonr generators a = Xu, b = X 12 , 
c = X 21 , and d = X 22 - The algebra relations are 

ba = qab, ca = qac, db = qbd, dc = gcd, 

cb = be, ad — q~^bc = da — qbc = 1. 

The comultiplication and connit are given in fl 2 .ip . and the antipode S is 

a b\ _ f d —qb 
c dj \—q~^c a 

which is read entry-wise, so S{b) = —qb, for example. 

2.3. Hopf pairings and actions. 

Definition 2.21. Let H and C be Hopf algebras over a held k. A Hopf pairing of H and C 
is a map <p: C ® H ^ k snch that 

0(c, hh') = 0(c(i), h) 0 (c( 2 ), h'), 0(cc', h) = (j){c, h(i))0(c', h( 2 )), 

and (/>(!, h) = e{h), 0(c, 1) = e(c), and (f>{Sc, h) = 0(c, Sh). 

We can now dehne actions of dually paired Hopf algebras on each other. 

Proposition 2.22. Let H and C be Hopf algebras over a field k, and let cf-. C ® H ^ k be 
a Hopf pairing. Then 

h > c = C(i) 0 (c( 2 ), h) and c < h = C( 2 ) 0 (c(i), h) 

are left and right actions of H on C, respectively, and 

c > h = h(i) 0 (c, h( 2 )) and h <l c = h( 2 ) 0 (c, h(i)) 

are left and right actions ofC on H, respectively. Furthermore, these actions and the pairing 
(f satisfy the relations 

(j){c, hh') = (j){c < h, h') and (j){cc', h) = 0 (c, c' \> h). 

If we know the actions, then we can reconstruct the pairing, as demonstrated in the 
following example. 

Example 2.23. There is a left action of Uq^Ql^) on Cq[GL„] given by 

Ei > Xke = 6i+i^eXk^£_i 
Fi \> Xke = di^iXk/+i 
Ei t> Xke = {gdi^e + q ^Si+i/)Xke 
We reconstruct the Hopf pairing 

4>{Ei,Xke) = 0(1, Ej > Xke) = = 5i^k,e-i 

(t>{Fi,Xke) = 0(1, Ej > Xke) = £{di^eEk,e+i) = di^k-i,e 

4>{Ei,Xke) = e{q5i/Xke + q ^5i+i^eEke) = qdi,k,e + q ^di+\^k,e 
where di^j^k = 1 if ? = j = fc, and di^j^k = 0 otherwise. The right action is then 

di,kXk+i/ = Xke <1 Ei 
di,k-iXk-i/ = Xke <1 Fi 

q ^di+i^kXke + qdi^kXke = Xke <1 Ej 
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We can also use the pairing to compute that 

Xki > Ei = {q6i^k,i + q ^Si-i^k,i)Ei + 

^ki ^ Ei 5k^£Ei -|- 

Xk£ > Ki = {q6i^k,i + q ^Si+i^k,i)Ei 

and 


^i,k^£—lEi “ 1 “ 6j^^£Ei Ei <] X}^£ 

^i,k-l,£ + {q ^^i,k,£ + q5i+l,k,£)Ei = Ei <\ Xk£ 

{qSi,k,£ + q = Ei <\ Xk£ 

In Example 12.371 and Section ISTTl we will use these actions to construct D{Uq{sln)) and to 
determine the action of D{Uq{5ln)) on part of its dual. 


2.4. Quasi-triangular structures and braidings. As a reference for the material in this 
section, see Chapter 2 of [1]. 

Definition 2.24. Let i? be a bialgebra. A quasi-triangular structure on B is an element 
R E B B, written (g) though it may be a sum, which is invertible and satishes 

(A (g) 1)R = R 13 R 23 , (1 0 X)R = R 13 R 12 , and r(A 6 ) = R{Ab)R~^ 

for all b E B, where r(A 6 ) = 6 ( 2 ) 0 &(i) and where Ru = R^^^ ^ R 13 = R^^^ 

and R 23 = 10 R^^'' 0 


Example 2.25. The Hopf algebra has quasi-triangular structure 


where 


and 0 v') 


H(S>H 

R = q 2 


n=0 


(1 - q-^r 


n 


-{qE®Ey 


1 — Q 

[n] =-T- and [n ]! = [n] [n — 1 ] • • • [ 1 ] 

1 — q 

q\(v,v') ^ as shown in [H 86 ]. 


Proposition 2.26. Let B be a bialgebra with quasi-triangular structure R, and let V he a 
left B-module. Then V is a left B-comodule with either of the coactions 

5+(n) = 0 > v), 6-{v) = 0 > w). 

Definition 2.27. Let i? be a bialgebra. A dual quasi-triangular structure on 5 is a 
convolution-invertible map TZ\ B ® B ^ k such that 

TZ{ab 0 c) = 77(a 0 C(i))77(6 0 C( 2 )) 

TZ{a 0 be) = 77(a(i) 0 c) 77 (a( 2 ) 0 b) 

6(1)0(1)77(0(2) 0 6(2)) = 77(o(i) 0 6(i))o(2)6(2) 


for all a,b,c E B. 
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Example 2.28. The bialgebra Cq[SL„] has dual quasi-triangular structure given by 


TZ{Xij 0 Xki) — < 


q li i = j = k = i, 

1 ii i = j ^ k = i, 

{q — q~^) if i = i < j = k, 

0 otherwise, 


as shown in [U 133]. 

Definition 2.29. Let C be a category with an associative tensor product. We say that C is 
braided if it is provided with functorial isomorphisms 

i^uy ■■ U ®V ®U 

that satisfy il)u®v,w = 'ipu,w ° i’v,w and ipuy^w = i’uyr ° i’uy for all objects f/, V, W. 

Proposition 2.30. Let B be a bialgebra with dual quasi-triangular structure TZ. Then every 
left B-comodule is also a left B-module with action 

b t> V = Tl{b ® 

Furthermore, the category of left B-comodules is braided with 

fj{u 0 n) = > n) 0 

2.5. Yetter-Drinfeld modules and the quantum double. 


Definition 2.31. Let iL be a bialgebra. Then 1/ is a left Yetter-Drinfeld H-module if V 
is both a left iL-module and a left if-comodule and if the action and coaction satisfy the 
relation 

0 (h(2) > = (h(i) > 0 (h(i) > v)^°\ 

If Lf is a Hopf algebra, then this can be written 

S(h > v) = h(i)V^~^^S(h( 3 )) 0 (h( 2 ) > n®). 

Proposition 2.32. Let H be a Hopf algebra. 

(1) If H is quasi-triangular, then the coaction of Proposition lE^ makes every H-module 
into a Yetter-Drinfeld module. 

(2) If H is dual-quasi-triangular, then the action of Proposition \2.3II makes every H- 
comodule into a Yetter-Drinfeld module. 

Proposition 2.33. Let H be a bialgebra with a braided category C as in Proposition \2.30[ . 
If the objects of C are Yetter-Drinfeld modules, then {l<S)'ip)o6 = 6o'if. 

Definition 2.34. Let C be a monoidal category. The Drinfeld center of C is the monoidal 
category whose objects are objects X of C together with a natural isomorphism ipx '■ X®Y —)■ 
F 0 X, for any other object F, such that fJx^Y = (id0'0y) o fifx ® id) for all X, F. 

Proposition 2.35. Let H be a bialgebra and let C be the category of left H-modules. Then 
an object of C is a Yetter-Drinfeld module if and only if it belongs to the Drinfeld center of 

C. 
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To prove this, we already saw in Proposition 12.301 how the coaction can be used to pro¬ 
duce a twisting. On the other hand, since if is a left if-niodule where the action is left 
multiplication, we can dehne S(v) = O 1 ) where 1 G if. 

If if is a Hopf algebra and C is the category of left if-modules, then the Drinfeld center of 
C is also the category of left modules over a Hopf algebra related to if, called the Drinfeld 
double, or quantum double, of if, which we now dehne. 


Definition 2.36. Let if and C be Hopf algebras over a held k, and let 0: C* ® if —?■ fc be 
a Hopf pairing. We dehne a Hopf algebra called the quantum double D{H) as follows. As 
a coalgebra, D{H) = C ® H with the tensor coalgebra structure of Lemma 12.101 and thus 
both C and if are sub-coalgebras of D{H). As an algebra, C°^ and ff are subalgebras. 
Specihcally, the multiplication ■ of D{H) is given by c-c' = c'c for all c, c' G C, by h ■ h' = hh' 
for all h, h' G if, and by the cross-relation 

h ■ C = C(2) ■ h(2)0(C(i), S'h(i))0(C(3), h(3)). 

We note that according to Proposition 12.221 the above is equivalent to 

h- c = (h( 3 ) > c < 5/1(1)) ■ f.( 2 ). 

Example 2.37. The Hopf algebras t4(0[„) and Cg[GL„] are dually paired as shown in Ex¬ 
ample [2]23l Then as a coalgebra, if(/7g(gt„)) = Cq[GL„] (g) as dehned in Lemma [2.101 

Also, D{Ug{gl^)) has subalgebras Ug{gl^), as presented in Dehnition l2.131 and Cg[GL„]°P, as 
given in Dehnition 12.181 but with opposite multiplication. The cross-relations are 

EiXki = + q ^5i+\/)XkiEi — + 5i+i^i)5i^kXk+i/Ki 5i+i/Xk/-i 

EiXk£ = {q -l- q6i^k)XkiEi + (q + q5i,k)di,iXk/+iK^ ^ — q ^di+i^kXk-i/ 

KiXke = + di^k/ + ? ‘^di+i^k+i,e)XkeKi 

Here dij^k = l if i = k = j, and dij^k = 0 otherwise. 

We note that the quantum determinant of Cq[GL„] is central and group-like here, and the 
action of t/g(gt„) on it is by the counit. 


Example 2.38. In particular, the algebra D{Ug{sl 2 )) has cross-relations 


Ea = qaE — q^cK 
Eb = q~^bE — dK + a 
Ea = qaE -|- qbK~^ 

Fb = qbF 
Ka = aK 
Kb = q-%K 


Ec = qcE 
Ed = q~^dE + c 


Fc = q cF -I- q dK 
Ed = q-^dF - q-H 
Kc = q^cK 
Kd = dK 


—1 


q ^a 


It will be helpful in our investigation of highest-weight vectors that c quasi-commutes with 
E (See Lemma [6.131) . 


We will also be interested in the dual D{E[)* of the quantum double. If H is inhnite- 
dimensional, then this Hopf algebra is very complicated. As we will see, even knowing the 
hnite dual D{E[)° is as complicated as knowing the entire category of hnite-dimensional 
D{H)-modules. However, there is a Hopf subalgebra of D{E[)* which is equal to D{E[)* if 
ff is hnite-dimensional but is much easier to describe when H is inhnite-dimensional. 
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Proposition 2.39. Let H and C he Hopf algebras over a field k, and let C ®H k he a 
Hopf pairing. There is a subalgebra H ® C (Z D{H)* which has the tensor algebra structure 
of Lemma \2.tA (See [H 334 and 362] 

We will suppress the tensor symbol when writing elements oi H ® C. 

Proposition 2.40. Let H he a Hopf algebra with guasi-triangular structure R. There is an 
embedding H-mod D{H)-mod which gives each H-module the structure of a D{H)- 
module. 

To prove the above proposition we use the coaction 5{v) = > v) as in Propo¬ 

sition 12.261 and then dehne the action of elements of c by 

C\> V = 

where (j) is the pairing between C and H. In the same way we could show using Proposition 
12.301 that if H has a dual quasi-triangular structure then there is an embedding of ih-comod 
into D{H)-mod. 

Because the Hopf algebra is quasi-triangular, every [/q(sl 2 )-module is a D{Lfg{sl 2 ))- 

module. Because the quasi-triangular structure R is invertible, we can use either R or R~^ 
to construct a D(I7q(s 12 ))-module from an if-module. 

Proposition 2.41. There are exactly n one-dimensional D(JJq{sln))-modules. 

Proof. A one-dimensional left Zl(f/q(sl„))-module is equivalent to an algebra homomorphism 
0: D{Lfq{s\n)) k. We know that the only one-dimensional t/q(st„)-module is the trivial 
module, where 

0 (iP 0 = 0 (iP-') = 1 and 0 (E 0 = 0 (F 0 = O. 

We refer now to the cross-relations in Example 12.371 By commuting Ei past j+i, we hnd 
that = 0 if i 7 ^ A; and 0(Xj_|_i^j_|_i) = 0(Xj_j). By commuting Fi past Xj+i_„ we hnd 

that 0(Xj^„) = 0. Thus 

0 (Xfc,fc) = and (f>{Xk/) = 0 for all k ^ i. 

However, the quantum determinant implies that nfc=i 4>{Xk,k) = 1- Thus we can choose 
0 (Xi 1 ) to be any nth root of unity. □ 

3. Some semisimplicity results 

3.1. A correspondence of snbcategories and snb-bimodnles. If B is an algebra and V 
is a left H-module, then V* is a right H-module, and we can dehne a map fiv'- V ®V* ^ B* 
so that /5y(n < 8 ) /) is a linear function on H given by 

fiv{v® f){h) = f{h[> v) = {f <h){v) (3.1) 

for all n G H, / G H*. We refer to fivir <8 /) as a matrix coefficient. 

Lemma 3.1. IfU and V are isomorphic B-modules, then fiuiU ® U*) = ® V*). 

Proof. Let 0: V U he an isomorphism of H-modules. Then 

fiuifiv 0 (p*f){b) = (j)*f{b > 4>v) 

= (p*f{(p{b > v)) 

= f{b > v) 

= fiv{v 0 /) 
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for any v E V and / E V*. □ 

Lemma 3.2. The maps {f3v \ V E B-mod} in fl3.ip are morphisms of B-bimodules, and 
= (du ® (dv- 

Proof. Let h,h' E B, v eV , and f eV*. We see that 

fdv{{b'>v)^f){b) = f{b>{b'>v)) 

= fibb' > v) 

= (/ < ibb')){v) 

= Mv®f){bb') 

= {b' > ldv{v®f)){b) 

and 

fdv{v®{f <b'))ib) = {f <b'){b>v) 

= f{b'b > i;) 

= (/ < b'b){v) 

= /dv{v® f){b'b) 

= {/dv{v®f)<b'){b). 

Let U and V be i?-modules, and let u E U, v E V, f E U*, and g E V*. Then 

/du(Bv{{u®v) 0 if ®g)){b) = {f ®g)[bt> (M©n)) 

= f{b > «) + g{b t> v) 

= ldu{u 0 f){b) + ldv{v 0 g){b) 

so (du^v = fdu ® fdv- n 

This means that fd's effectively ignore multiplicity: 

Corollary 3.3. The image of (dv®v is equal to the image of (dy 
Lemma 3.4. IfV is a simple B-module, then fdy is injective. 

Proof. We have /dv{v 0 f){B) = 0 if and only if f{B > v) = 0. This is true if and only if 
n = 0 or / = 0 , i.e. if and only if n 0 / = 0 . □ 

We now dehne a correspondence between additive subcategories of S-mod and sub¬ 
bimodules of B*. For any additive category C of -B-modules, we denote by B^ the span 
of the images oi {(dy \ V G C}. On the other hand, given a sub-bimodule B of B*, we dehne 
C(B) to be the full subcategory of objects V E C such that fdyiV 0 V*) C D. 

Remark 3.5. Lemma [3.21 shows why when dehning our correspondence we assume that D 
is a bimodule and C is additive. However, it is still not clear whether the containments 
C C C{B^) and C D are equalities. 

Proposition 3.6. If B is a bialgebra and C is monoidal, then Bq is a subalgebra of B*. On 
the other hand, D is a subalgebra of B* if and only if C{D) is monoidal. 
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Proof. Let U and V be objects of C, and let u G U, v G V, f G U*, and g G V*. Then 
l^um{iu®v) ® {g® f)){b) = (f (^g){b> {u®v)) 

= fib(i) > u) ■ g{b( 2 ) > v) 

= Pu{u ® /)(&(!)) • I3v{v ® g){b(2)) 

so (3u®v = PuPv- n 

Definition 3.7. An element of B* is locally finite if it generates a finite-dimensional bi¬ 
module. If D is a sub-bimodule of B*, we denote hy Df the sub-bimodule of locally hnite 
elements of D. 

Now the product of two locally hnite elements belongs to the tensor product of their 
respective hnite-dimensional submodules, which proves the following lemma. 

Lemma 3.8. If a sub-bimodule D of B* is a subalgebra, then the sub-bimodule Df of locally 
finite elements is in fact a subalgebra. 

3.2. A Peter-Weyl-type theorem. In this section we present a Peter-Weyl-type theorem 
relating semisimplicity of C with a Peter-Weyl decomposition of B'^. The author failed to 
hnd a complete reference for this theorem in the literature, although one direction of the 
implication is well known and for this part the author appreciated the proof given in a lecture 
by David Jordan [3]. 

Definition 3.9. Let D <Z B* he a. sub-bimodule. We say that D has a Peter-Weyl decom¬ 
position if 

D = QfIv{V®V*) 

as an internal direct sum over all isomorphism classes of simple objects V G C{D). Lemma 
13.II shows this is well dehned. 

Theorem 3.10. Let B be an algebra and let C be an Abelian category of finite-dimensional 
B-modules. Then C is semisimple if and only if Bq has a Peter-Weyl decomposition. 

Before proving the theorem, we note the following well known result which is proved by 
induction on the length of a Krull-Schmidt decomposition. 

Lemma 3.11. Let B he an algebra and let C be an Abelian category of finite-dimensional 
B-modules. Then C is semisimple if and only ifExt^{U, V) = 0 for all simple B-modules U 
and V. 

Proof of Theorem \3.1(A Suppose that B^ has a Peter-Weyl decomposition, and suppose by 
way of contradiction that C has an indecomposable object V and a short exact sequence 

0-^Vi-)-V-^V2-^0 

where Vi and V 2 are both simple. Now V must be cyclic; if not, then any v \ Vi would 
generate a complement to Vi, and we have assumed that V is indecomposable. 

Now the dual short exact sequence 0 ^ Vf ^ V* ^ Vf —)■ 0 has the same properties. 
Choose a cyclic vector f E V*. We define : V -EV®V*hyLf{v)=v®f. We claim that 
/3v o Lf is an injective morphism of 5-modules. Indeed, /3v{v® f) is the zero map if and only 
if (/ < b){v) = 0 for all b E B, and since / generates V* this implies n = 0. Thus fty ° <-/ 
embeds V into B^, which is semisimple, so V is semisimple, contradicting our assumption 
that V was indecomposable. Therefore C is semisimple by Lemma [3.111 
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Suppose now that C is semisimple. Let V = (0jli 14 ) be a decomposition of a 

module Id G C as a sum of simple modules 14- By Lemma 13.21 and Corollary 13.31 the image 
of /3v is equal to Yh ® ^i)■ By Lemma [231 the sum is direct. □ 

3.3. Semisimplicity via a Casimir element. In this section we present a theorem proving 
the semisimplicity of certain representations of Hopf algebras when a Casimir element is 
available. The proof is a straightforward generalization of proofs given elsewhere. For 
example, see [3 28] for semisimple Lie algebras and [3 587-589] for Uq{s\. 2 )- 

Let 77 be a Hopf algebra. Recall that if V is an irreducible left i7-module and c & H 
belongs to the center of H, then c acts on V as multiplication by some scalar. 

Theorem 3.12. Let H be a Hopf algebra, let C be an Abelian category of finite-dimensional 
left H-modules which is closed under extension, and let 1 denote the trivial one-dimensional 
H-module. Suppose that there exists an element c from the center of H with the following 
property: For any simple V in C, c \> V = 0 if and only ifV = l. Suppose furthermore that 
Ext^(l, 1) = 0. Then every H-module in C is semisimple. 

We call the element c a Casimir element of H. Given a finite-dimensional left i7-module 
V, the strategy for the proof is to show that for any submodule W C V there is another 
submodule W C V such that V = W ® W. We hrst consider a couple of special cases. 

Lemma 3.13. Let H be a Hopf algebra as described in Theorem \3.1 Si and let V E C be a 
finite-dimensional left H-module. If W d V is an irreducible submodule with V/W = 1, 
then there exists another submodule W C V such that V = W ® W. 

Proof. The Casimir element c satishes c > h = 0 for all h G V/W. If IF = 1, then R = 1 © 1 
since Ext^(l, 1) = 0. IfW^ 1, then we know that c>W 7 ^ 0 by the hypothesis of Theorem 
13.121 Therefore the submodule ker(c) of V satisfies ker(c) nHd = 0, soR = hF® ker(c). □ 

Lemma 3.14. Let H be a Hopf algebra as described in Theorem \‘3.1‘A and let V E C be a 
finite-dimensional left H-module. IfW dV is a submodule with V/W = 1, then there exists 
another submodule W' dV such that V = W®W'. 

Proof. If W is irreducible, then this follows from Lemma 13.131 So, suppose that W has 
a proper nonzero submodule U d W. Then we may write the short exact sequence of 
77-modules 

0 ^ W/U -E V/U -E V/W -E 0. 

Now dim(Hd/f/) < dim(lF). We use induction on the dimension of W, noting that in the 
base case W is irreducible. So by hypothesis the short exact sequence splits and there is a 
submodule U' dV such that V/H = W/U © U'/U. Note that U'/U ^ 1 since V/W ^ 1. 
We now write the short exact sequence of 77-modules 

0 ^ G ^ ^ U'/U -E 0. 

Now dim(t/) < dim(Hd), so by hypothesis the short exact sequence splits and there is a 
submodule W' d U' such that U' = U ® W'. It follows that V/U = W/U © W'. Thus 
IF n IF' = 0, and we conclude that V = W ® IF'. □ 


We are now ready to prove Theorem 13.121 
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Proof of Theorem \3.1S[ Let V G C be a finite-dimensional left iL-module, and suppose W C 
1/ is a proper non-zero submodule. We know that Homfc(l/,iy) is a left iL-module with 
action given by 

{h > 0)(t) = h(i) > 4>{Sh(2) > v). 

We define two subspaces L and L' of Homfc(V, W) as follows: 

L = {0 I 3 /(0) G k such that 0(tc) = f{4>)w for all w G W}, 

L' = {(j) \ = 0 for all w e W}. 

We wish to show that L and L' are submodules of Homfc(l/, W). Let h ^ H, (f ^ L, and 
w &W. Then 

{h > 4>){w) = /i(i) > (j){Sh( 2 ) > w) 

= ^( 1 ) > /(0)(5'h(2) > w) 

= /(0)(^{l)>^^(2) > w) 

= f{(J^Mh)w. 

Thus {h \> (f) G L, so L is an Lf-module. Similarly L' is an if-module. We note that 
LjL' = 1, so by Lemma 13.141 there is an iL-module L" such that L = L' ® L" . Let us 
choose some nonzero 0 G L", scaled as necessary so that /(</>) = 1. Since L" is an Lf-module 
we have \Jfti — e{h)^ t> 0] G L" for all h G iL. But our calculation above shows that 
[[h — e{h)) > 0] {w) = 0 for all w & W, so [[h — e{h)) > 0] G L'. Since L' and L" have 
trivial intersection, [(h — s{h)'j >0] =0. That is, 

(h > 0)(ji) = e{h)(f){v) 

for all V E V. Thus 0 is not merely fc-linear, but is a homomorphism of iL-modules. It is 
surjective since it belongs to L. Therefore V = W (B ker(0). □ 

3.4. Some semisimple categories of Zl(f/g(g))-modules. In this section we demonstrate 
a method of constructing simple Zl(iL)-modules, where if is a bialgebra, which the author 
learned from Victor Ostrik. We stated in Proposition 12.261 that if H has quasi-triangular 
structure R, then we can construct coactions 

6+{v) = $$ {R^^^ > v) and S-{v) = 0 > v) 

for any iL-module. We refer to the resulting D{H)-modn\es (See Proposition I2.4U[) as V~^ 
and V~, respectively. 

Lemma 3.15. Let H be a bialgebra and let U and V be non-isomorphic simple H-modules. 
Then U~ ^ and furthermore V~ = V~^ if and only if 

Proof. That U~ ^ V~^ is obvious since U~ and V~^ retain the if-module structures of U and 
V, respectively, and if is a subalgebra of D{H). 

Now assume that /: V —)■ V is an isomorphism such that 

S_ = [idn^fy^ o <5+ o /. 

Since V is simple, Schur’s Lemma implies that f{v) = cv for all v E V, where c is a non-zero 
constant. Therefore, □ 
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Lemma 3.16. Let H be a quasi-triangular Hopf algebra. Suppose that V ^V* is semisim¬ 
ple for any simple H-module V, that the category of finite-dimensional left H-modules is 
semisimple, and that 8- 7 ^ 5+ except on the trivial H-module. Let U and V be simple H- 
modules. Then the D{H)-module U~^ ® V~ is simple. Furthermore, the tensor category 
generated by all such U~^ (g) V~ is semisimple. 

Proof. Let U and V be simple if-modules. Lemma f3.15l implies that Hom£)(i^)(l/+, l/“) is 
nonzero if and only if V is the trivial module. We have 

EndD(H)(U^ ® V-) = }lomD(H){U+ 0 0 V^") 

= EomniH) {U^ 0 {U^T, 0 

= EomniH) {{U 0 [/*)+, {V 0 W)") 

which is C(g) since the only contribution is from the trivial submodules of {U 0 U*)~^ and 
{V 0 V*)~. Thus i/+ 0 V~ is simple. 

Now let U, V, W, and Y be left ii-modules. We have 

(t/+ 0 V-) 0 (w+ 0 Y-) ^ f/+ 0 0 'L- 0 y- ^ (i/ 0 w)+ 0 (y 0 y)- 

so the lemma is proved. □ 

Definition 3.17. Recall that Uq{Q) is quasi-triangular with simple modules Vx. We dehne 
Vx,, = V^®Vfi. 

Corollary 3.18. The D{Uq{sl 2 ))-modules 14, are simple, and the category they generate is 
semisimple. 

Proof. Let R be a simple, non-trivial ^/^(sh)-module. Let n G R be a highest-weight vector. 
Since R is non-trivial, we have F \> v ^ 0. Given the quasi-triangular structure from 
Example 12.251 we hnd that v generates a 1-dimensional if-comodule under but not 
under 5_. Thus 7 ^ 5+, so the hypotheses of Lemma 13.161 are satisfied. □ 

The following conjectures are due to the author’s conversations with Victor Ostrik. 

Conjecture 3.19. The category of finite-dimensional D{Uq{fi)) -modules is semisimple. 

Conjecture 3.20. The simple D{Uq{Q))-modules are, up to isomorphism, of the form 14^^0 
Uq where A and p are dominant integral Q-weights and Uq belongs to the (finite) set of one¬ 
dimensional D{Uq{fi)) -modules. 

These conjectures are extremely difficult even for g = 5 ( 2 . However, we hnd that they are 
consistent with our main results in Section 01 

4. Main results 

Proofs for results presented in this section may be found in Section [ 6 l 

4.1. The actions of D{H) on if 0 C. It follows from Lemma [2^ that D{H)* is a D{H)- 
bimodule, but the actions are very complicated when H is inhnite-dimensional. However, 
there is a sub-bimodule that we are able to describe. 
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Theorem 4.1. The subalgebra H ® C C. D{H)* of Proposition is closed under both 
the left and right actions of D{H) described in Section \K3. and thus H ® C is a bimodule 
algebra over D{H). The left and right actions on generators are given by 

c >-h = ill < C(2)) • S'c(i)C(3) h < c = c t>h 

c >■ c = S'c(i)CC(2) c ◄ c = e(c)c 

h ^ h = e(h)h h < h = Shi^i)hh{2) 

h c = h t> c c < h = S'/i(i)/i(3) ■ (c < /z.(2)) 

We use the solid triangles ► and ◄ to distinguish these actions from the actions of C and 
H on each other, for which we use > and <. We remark that h < c = c t> h makes sense 
because the subalgebra C D{H) has multiplication opposite to that of C. 

Theorem 14.11 gives explicit formulas for the actions of D{H) on H <S> C, so we will seek 
to describe its locally hnite part {H ® C)f and thus to describe all objects of the category 
C{fH ® C)f). Ideally we would be able to describe the hnite dual D{H)° and thus all 
hnite-dimensional D{H)-modnles, but that is much more difficult. 

For examples of these actions, see Sections 15.11 and 15.21 

4.2. Semisimplicity of certain Zl([/g(s[2))-modules. If if = Uq{Q), we recall Va,/^ = 
Vf' < 8 ) V~ from Dehnition 13.171 We recall that /dry ^(14,/^ ® ^ sub-bimodule of D{H)*j 

as shown in Section 13.21 

In the remainder of this section, we let H = Uq{sl 2 ), C = Cg[SL 2 ], and TL = {Uq^sU) ® 
Cq[SL 2 ])/. In this case, A and fi are nonnegative integers, and there are simple sub-bimodules 
corresponding to /9y^^(VA,/i ® claim that "H has a Peter-Weyl decomposition, 

namely the following. 

Main Theorem 4.2. As a D{H)-bimodule, 

w= 0 Wv (4.1) 

A,M>0 

and this is a Peter-Weyl decomposition ofTL. 

We recall the notation C{D) from Section 13.11 Then Theorems 13.101 and 14.21 have the 
following corollary: 

Corollary 4.3. The category C{TL) is semisimple. 

We now highlight some of the results leading to Main Theorem 14.21 

Definition 4.4. If n G if, we say that v is homogeneous of weight (u;i,a; 2 ) if there exist 
scalars Ui and 002 such that K >■ v = and v ◄ K~^ = q^'^v. 

In Section [5.31 we will give a presentation of the 16-dimensional simple il(ii)-bimodule 
TLi^i and prove the following proposition about the subspace of highest-weight bivectors 
= {n G "Hi,! \ E>-v = v<E = d} (Recall Lemma [2.151) . 

Proposition 4.5. The space is the linear span of four vectors vi, V 2 , V 3 , and V 4 of 

weights (2,2), (2,0), (0,2), and (0,0), respectively. 

The following result provides an upper bound for "H in if ( 8 ) C. 
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Theorem 4.6. The algebra <^C)^ is generated by {vi, V 2 , V 3 , V 4 }. It has basis 

{VgV^vfv^} U {VgV^VgV^} U {VgV^vfv^} U {VgV^VgV^} 

where vg and vg are the highest-weight bivectors of 11 . 2,0 "Ho, 2 ; respectively. 

Now Lemma 12.151 Lemma 13.81 and Theorem 14.61 have the following corollary. 

Corollary 4.7. The algebra ~^{H ® C)+ is locally finite. 

Corollary 4.8. ® C)~^. 

Theorem 14.61 Corollary 14.81 and Lemma 12.161 imply the following. 

Corollary 4.9. As a D{H)-bimodule, Ti is generated by the algebra (vi, V 2 , V 3 , V 4 ). 

The above results are all we need to prove the main theorem. However, the algebra 
= (vi, V 2 , V 3 , V 4 ) is very interesting in its own right. The vectors vi and V 4 are central 
in this algebra, but V 2 and V 3 have homogeneous relations in degree 4. Namely, they have 
the following Serre and Verma relations: 

V2^V3 - + 1 + q~‘^)\2^z^2 + + 1 + g"^)v2V3v| - V3v| = 0 
V2V3^ - (g^ + 1 + g"^)v3V2v| + (g^ + 1 + g"^)v|v2V3 - Vg^Va = 0 

V3V2^V3 - V2V3^V2 = 0 


In other words, is isomorphic to the quotient of the positive part of Uq{fi) by the Verma 
relation (v 3 v|v 3 — V 2 v|v 2 ), where g is the Kac-Moody algebra with Cartan matrix 

/2 0 0 0 \ 

0 2-20 
0-220 
\0 0 0 2 / 

Theorem 14.61 gives the following result about the algebra (See Section [ 6 ]). 

Corollary 4.10. The algebra has polynomial growth with Hilbert series 

2 2 1 
^ [l-ty ~ {l-tf ^ (1 -t)2- 

The algebra appeared in another context in [1], and it would be very interesting to 
continue this direction of research. 


Problem 4.11. Find a presentation for the algebra Ti. 

Problem 4.12. Find a presentation for the algebras ^{Uq{s{n) ® Cq[SL„])+ and (f/g(sl„) 0 
Cq[SL„]) j for n > 2. 

We conclude this section with some conjectures for other semisimple Lie algebras. Let g 
be a semisimple Lie algebra and G be the corresponding simply-connected algebraic group. 

Conjecture 4.13. The highest-weight bivectors in the D{Uq{g)) -bimodule f4(g) 0Cg[G] are 
locally-finite. 
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Conjecture 4.14. As a D{Ug{g))-bimodule, there is a Peter-Weyl decomposition 

((7,(0)0C,lG])^ = 0Wx^ (4.2) 

where the sum is over all dominant weights X and fv such that A —/i belongs to the root lattice 

ofg- 

Conjecture 4.15. The sum over all fundamental weights uoi generates {Ug{g) < 8 ) 

C,[G]) as an algebra. 

5. Examples 

5.1. The actions of Zl(t/q(s[n)) on t/q(sh)(8)Cq[SL„]. Using Example [223] and Theorem [TT] 
we calculate the left and right actions of D{Ug{sln)) on the generators of f/q(s[„) 0 Cq[SL„]. 
From h >■ h = e{h)h, we have 

Ej ► h = 0, Ej ► h = 0, and Ki >■ h = 1. 

From h ► c = h > c, we have 

Ei ► Xki = Ej ► Xki = 

and Ki ► Xk^ = + q~^5i+i^i)XM- 

Let us denote SX^ = yu- From c>h={h<\ C( 2 )) • S'c(i)C( 3 ), we have 

Xki ^ Ei KiYf^iXi^^^^ '^^jEiYj^jXj£^ 

Xki ^ Fi Yj^^i^iXi£ Q FiY}^iXi£ QFiYf^^i^iXi^i^£^ 

and Xj^i ► Xi QXiYj^iXn q 
From c ► c = 5c(i)CC(2), we have 

Xm^X 

mn mn Xji. 

From h <h = Sh{i)hh( 2 ), we have 

h < Ei = —EiK~^hKi + hEi, h < Ei = —KiEji + KihEi, 
and h < Ki = K~^hKi. 

From c < h = • (c < h( 2 )), we have 

Xki ◄ Ej = — (g + qdi^k)EiXkt + 6i^kKiXk+i/ + EiXkt, 

Xk£ Ei KiEiXk£ E Si k—iKiXk—i^i P (g5j_|_i ^ -I- g 5i k)KiEiXk£, 

and Xk£ < Ki = {q~^6i+i^k + q5i^k)Xk£. 

From h < c = c > h, we have 

Ei ◄ Xk£ = {qSi^k,£ + g ^^i-i,fc/)Ej + Si^k,£-i, 

Ei ◄ Xk£ = 5fc/Ej + di^k-i/Ki \ 

and Ki ◄ Xk£ = {qdi^k/ + 

From c ◄ c = e(c)c, we have 

Xmn ^ Xki ^k,tXran- 

In the next section we specialize to the case El = Ug{s{ 2 ). 
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5.2. The actions of D{Uq{5{2)) on t/g(sl 2 ) (8) Cq[SL 2 ]. Here we specialize our example from 


Section [5H] to D{Uq{5i2)) acting on the algebra <8) Cq[SL 2 ]. 


From h h = e{h)h, 

F ► F = 0 

we have 

F ► F = 0 

F ► F = 0 

E ► F-i = 0 

F ► F = 0 

F ► F = 0 

F ► F = 0 

F ► F-i = 0 

E = E 

K ^ E = E 

K ^ K = K 

R ^ R-^ = R-^ 

^ E = E 

iF-i ^ E = E 

R-^ K = K 

R-^ ► R-^ = R-^ 

From h ► c = h > c, 

F ► a = 0 

we have 

E >■ b = a 

F ► c = 0 

E d = c 

E >■ a = b 

F ► 6 = 0 

E ^ c = d 

F ► (i = 0 

K >■ a = qa 

K >■ b = q~^b 

R >■ c = qc 

R >■ d = q~^d 

K~^ ► a = q~^a 

K~^ >■ b = qb 

R~^ ► c = q~^c 

R~^ >■ d = qd 


From c ► h = (h < C( 2 )) • S'c(i)C( 3 ), we have 


a >■ E = E + qKcd 

K = qK + {q^ - l)Kbc 
E =KcP 

5 ► iF = (g2 - i)Kbd 
E = -q-^Kc^ 
c>- K = {q~^ — q)Kac 
d >■ E = E — q~^Kcd 
d^ K = q-^K + (g-2 - l)Kbc 

From c ► c = S'c(i)CC( 2 ), we have 

a>-a = a+{q — l)bca 
a ► c = gc + — q)bc^ 

6 ► a = (1 — g)6 + (g — l)6^c 
6 ► c = (1 — q~^)dcb 
c ► a = (1 — q)a^c 
c ► c = (1 — q)a(? 
d >■ a = a + (g“^ — l)a6c 
h ► c = q~^c + (g“^ — q~^)bc‘ 


a ► F = q ^E — qba + (1 — q^)Ebc 
a ► = q-^K-^ + (1 - q^)K-^bc 

b^E = -qb^ + (1 - q^)Ebd 
6 ► = (1 - q^)K-^bd 

c ► F = a? + {q — q~^)Eac 
c ► K~^ = {q — q~^)K~^ac 
d >■ E = qE + ab + {1 — q~‘^)Ebc 
= qK-^ + (1 - q-^)K-^bc 


a ► 6 = g6 + (g^ — q)b‘^c 
a>-d = d+{q — l)dbc 
6 ► 6 = {l-q-^)db^ 
b >■ d = {1 — q~^)d% 
c ► 6 = (1 — q)abc 
c ► c? = (1 — q~^)c + (g“^ — l)6c^ 
d>- b = q~^b + {q~^ — g“^)6^c 
d d = d + {q~^ — l)bcd 
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From h M h = 5 '/i(i)/ih( 2 ), we have 

(1 - q-^)E^ = E M E (1- 

q^)EE - = E aE 


- 1)EK = K <E 

{q-^ - 1)EK-^ = A E 


K ■ =E <E 

0 = F aE 


q-q 

(1 - q^)K^E = K <E 

{1 - q-‘^)E = R-^ AE 


q-^E = E <K 

q^E = E aR 


K = K <K 

R-^ = R-^ ^ R 


q^E = E < K-^ 

q-2F = p ^ p-i 


K = K M K-^ 

R-^ = R-^ M R-^ 


From c < h = S'h(i)h( 3 ) • (c < h( 2 )), we have 

(1 — q)Ea + Kc = a A E 

(1 - q)Eb + Rd = bAE 


(1 — q~^)Ec = c < E 

(1 — q~^)Ed = c A E 


{q~^ — l)KEa = a A E 

{q-^ - l)REb = bAE 


{q — l)KEc + Ka = c A E 

{q-l)REd + Rb = cAE 


qa = a A K 

qb = b A R 


q~^c = c A K 

q~^d = c A R 


q~^a = a A K~^ 

q~^b = b A R~^ 


qc = c A K~^ 

qd = c A R~^ 


From h ◄ c = c > h, we have 

qE = E A a E = E A a 

qR = R Aa q-^R-^ = R-^ 

A a 

1 = E A b 0 = E A b 

Q = R Ab 0 = R-^ 

A b 

0 = E A c K~^ = E A c 

0 = iF ◄ c 0 = R~^ 

A c 

q~^E = E A d E = E A d q 

-^R = R Ad qR-^ = R-^ 

A d 

From c ◄ c = e(c)c, we have 

a = a A a b = b A a 

c = c A a d = d A a 


0 = a A b 0 = b A b 

0 = c A b 0 = d Ab 


0 = a A c 0 = b A c 

0 = c A c 0 = d A c 


a = a A d b = b A d 

c = c A d c = d A d 



5.3. Some simple sub-bimodules of ®Cg[SL 2 ])/. In this section we exhibit three 

simple sub-bimodules of {Uq{s\. 2 ) ® Cg[SL 2 ])/. In each example, we examine the subspace of 
highest-weight bivectors—those vectors annihilated by both the left and right actions of E. 

The hrst example, "Hi,!, is 16-dimensional and has a 4-dimensional subspace of highest- 
weight bivectors. Its tensor square is 100-dimensional and is the internal direct sum of four 
non-isomorphic simple sub-bimodules of dimensions 81, 9, 9, and 1, respectively: 

^ 1,1 ® Hi I = ?^ 2,2 ® ^ 2,0 ® Hq^2 ® ^ 0,0 
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We will exhibit the 9-dimensional bimodules 'H 2 ,o and "Ho, 2 , each of which has a one¬ 
dimensional subspace of highest-weight bivectors. Of course, "Ho.o = (1) is the trivial bi¬ 
module. 


Example 5.1. Let H = ^/^(sh) and C = Cq[SL 2 ]. Then "Hi i is the 16-dimensional D{H)- 
sub-bimodule of {H ® C)f with basis 

vu = EK-^ 
ui2 = K-^ 

Ul 3 = F 

Vi4 = A 

V21 = {q — q~^)EK~^ac — 

V22 = {q- q~^)K~^ac 

V23 = {q- q~^)Fac + 

V24 = {q — q~^)Aac — ^^Kac — q~‘^FKc^ + Ea? 

■^31 = {q~^ ~ q)EK~^db + qcf 
Vs2 = {q~^ - q)K~^db 
V33 = {q~^ - q)Edb - qb^ 

= (g-i - q)Adb + ^^Kdb + q-^FKd^ - qEb"^ 

■^41 = {q ~ q~^)EK~^bc — dc 
P42 = {q- q~^)K~^bc 
V43 = {q — q~^)Ebc + qab 

U44 = {q — q~^)Abc — ^^Kbc — q~‘^FKdc + qEab — gJ^-i E 


As a left Zl(Lr)-module, = W © V 2 © V 3 © V 4 , where each Vj is the left Zl(Lr)-module 
with basis {vij,V 2 j,V 3 j,V 4 j}. In this basis, the left action of t G D{H) on u G is given by 
X ► V = (f)j{x)v, where 


4>g{E) 


UK) 


4>j{a) 



0 

0 

q ^ -q 

0 ■ 


■ 0 

1 — g ^ 

0 

0 ■ 


0 

0 

0 

q 

= 

0 

0 

0 

0 

— 

0 

0 

0 

0 

0 

0 

0 

-1 


0 

0 

-q-^ - q 

0 


0 

1 + 

0 

0 


1 

0 

0 

0 ■ 


1 

0 

0 

0 ■ 

= 

0 

0 

q^ 

0 

0 1 

0 

0 

MK-") = 

0 

0 

1 0 

0 

q^ 

0 

0 


0 

0 

0 

1 


0 

0 

0 

1 



0 

0 

0 ■ 


■ 0 

0 

0 

0 ■ 


0 

1 

0 

0 

<PiX) = 

0 

0 

0 

0 


0 

0 

1 

0 

1 

0 

0 

0 


-q 

0 

0 

q 


0 

q-^ - q 

0 

0 
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0 

0 

0 

0 ■ 


q 

0 

0 

0 ■ 

1 

0 

0 

0 

(j)j{d) = 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

q-^ - q 

0 


_q-^ 

0 

0 

q-\ 


For example, d ► vij = qvij + q~^V 4 j for j = 1, 2, 3,4. 

As a right D(-ff)-module, T-Li^i = where each ¥( is the right Zi)(FT)-module 

with basis {ua, ^* 2 , Uis, ^* 4 }. In this basis, the right action of t G D{H) on n G Id' is given 
by n ◄ a; = (f)[{x)v, where 



r 0 g-2- 

1 0 

0 ■ 


■ 0 

0 

0 

0 ■ 

m) = 

0 

0 

0 

0 

©+1 

q-q-^ 

0 

0 

0 


q^ + 1 
q-^-q 

0 

0 

1 — 

0 

0 

0 

0 


0 

0 

1 -g2 

0 


- 1 

0 

0 

0 



0 

0 

0 


■ q^ 

0 

0 

0 

m) = 

0 

0 

1 

0 

0 

q^ 

0 

0 


0 

0 

1 

0 

0 

q-^ 

0 

0 


0 

0 

0 

1 


0 

0 

0 

1 


■ 1 

0 

0 

0 ■ 


0 

0 

0 

0 

0i(a) = 

0 

0 

q-^ 

0 

0 - 

1 

q~^ 

0 

m = 

q 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

q . 


0 

0 

0 

0 


0 

0 

0 

q-^ 


1 

0 

0 

0 

m = 

0 

0 

0 

0 

1 

0 

0 

0 

<P'{d) = 

0 

0 

q 

0 

0 

1 

q 

q-q-^ 

0 


0 

0 

0 

0 


0 

0 

0 

g-1 


For example, ^*4 ◄ c = q~^Vii for i = 1, 2, 3,4. 

We see that (t>j{E) is a rank-2 matrix with null space spanned by {vij,V 2 j} and 0'(-F) is a 
rank-2 matrix with null space spanned by {vn^Vi^}. It follows that the snbspace {n G | 
E>-v = v<E = Q}oi highest-weight bivectors is spanned by {^ 11 ,^ 14 ,^ 21 ,^ 24 }. We note 
that ^21 has weight (2,2), ^24 has weight (2,0), un has weight (0,2), and um has weight 
(0,0). Therefore, the basis {^ 21 ,^ 24 ,^ 11 ,^ 14 } is canonical np to scaling. Elsewhere in this 
paper we refer to these fonr highest-weight bivectors as 


vi = ^21 = {q — q~^)EK~^ac — (? (5.1a) 

V 2 = ^24 = {q — g“^)Aac — ^^Kac — q~^EKc^ + Ea? (5.1b) 

V 3 = nil = EK~^ (5.1c) 

V 4 = ni 4 = A (5.Id) 
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Example 5 . 2 . Let H = Uq{si2) and C = Cq[SL2]. Then 'H2,o (8) is the 9 - 

dimensional i5(iL)-sub-bimodule of {H (E) C)f with basis 

vn = K~^c^ 

Vi2 = {q- q~^)F(? + qac 

hi3 = q~^{q — q~^)^F‘^Kc^ + q~^{q‘^ — q~^)FKac + Ka^ 

i> 2 i = q~^K~^dc 

V22 = q~\q - q~^)Fdc + hc+ 

V23 = q~‘^{q — q~^YF‘^Kdc + q~‘^{q^ — q~^)FKbc + g“^(g — q~^)FK + Kab 
hsi = K~^d? 

V32 = {q - q~^)Fd^ + db 

t;33 = q-^{q - q-^fF^Kd^ + q-^{q^ - q-^)FKdb + Kb'^ 

As a left D{H)-module, 'H2,o = Id © V2 © V3, where each Vj is the left Zi)(iL)-module 
with basis {vij,V2j,V3j}- In this basis, the left action of t G D{H) on v E Vj is given by 
X >■ V = (f)j{x)v, where 



0 

1 

0 


0 

0 

0 

4',(E) = 

0 

0 

q + q~^ 

= 

q + q~^ 

0 

0 


0 

0 

0 


0 

1 

0 


' q^ 

0 

0 


' q-^ 

0 

0 

<P,(Kj = 

0 

1 

0 


0 

1 

0 


0 

0 



0 

0 

. 


q 

0 

0 


0 

0 

0 

<j>j(a) = 

0 

1 

0 

(i)j{b) = 

0 

0 

0 


0 

0 

q-^ 


0 

0 

0 


0 

l-q- 

-2 0 ■ 


q-^ 

0 

0 

<Pi(c) = 

0 

0 

q^ - q~‘^ 

(j)j{d) = 

0 

1 

0 


0 

0 

0 


0 

0 

q 


As a right -D(iL)-niodule, 'H2,o = V{ © ® Id^ where each V/ is the right Zi)(hr)-module 

with basis {vii,Vi2,Vi3}- In this basis, the right action of t G D{H) on v E V/ is given by 
V < X = (f)[{x)v, where 



0 

1 

0 


0 

0 

0 

<t>'m = 

0 

0 

q + q~^ 


q + q~^ 

0 

0 


0 

0 

0 


0 

1 

0 


''q-^ 

0 

0 


' q^ 

0 

0 

= 

0 

1 

0 


0 

1 

0 


0 

0 



0 

0 



q-^ 

0 

0 


0 

0 

0 

0'(a) = 

0 

1 

0 

m = 

0 

0 

0 


0 

0 

q 


0 

0 

0 
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1 

0 

1 

1 

0 


Q 

0 0 

0'(c) = 

CO 

1 

1 

0 

0 

(j)'i{d) = 

0 

1 0 


0 0 0 


0 

0 q~^ 


We see that (l>j{E) is a rank -2 matrix with null space spanned by {bij} and 0 '(-E) is a 
rank-2 matrix with null space spanned by {hji}- It follows that the subspace {n G 'H2,o I 
E>-v = v<E = 0 }of highest-weight bivectors is spanned by hn. Elsewhere in this paper 
we refer to this bivector as 

V5 = vn = ( 5 . 2 ) 

and we note that V5 = (1 — g^)viV4 — [v2, V3]g2. 

Example 5 . 3 . Let E[ = Uq{sl2) and C = Cq[SL2]. Then "Hog C "Hi,! 0 "Hi,! is the D{H)- 
sub-bimodule of {H C)f with basis 

hii = q~^{q — q~^YE‘^K~^a? — q{q^ — q~‘^)Eac + Kc^ 

^12 = {.q~^ — q)EK~^a? -|- qac 
hi3 = K~^o? 

V21 = q~^{q — q~^YE‘^K~^ab — {q^ — q~‘^)Ebc — {q — q~^)E + q~^Kdc 
V22 = {q~^ - q)EK~^ab + bc + 

V23 = K~^ab 

= q-\q - q-^fE^K-^b'^ - (g^ - q-^)Edb + Kd^ 

V32 = {q~^ - q)EK~^b‘^ + db 

V33 = K~^b‘^ 

As a left Zi)(iL)-module, "Hog = Id © V2 © V3, where each Vj is the left D{H)-module 
with basis {vij,V2j,V3j}. In this basis, the left action of a; G D{H) on n G I^- is given by 
X ► V = (f)j{x)v, where 



0 

1 

0 


0 

0 

0 

4 ',(E) = 

0 

0 

q + q~^ 


q + q~^ 

0 

0 


0 

0 

0 


0 

1 

0 



0 

0 


' q-^ 

0 

0 

4 ',(K) = 

0 

1 

0 

4 ,,{K-') = 

0 

1 

0 


0 

0 

< 1 ~" . 


0 

0 

. 


q-^ 

0 

0 


0 

0 

0 

<l>j(a) = 

0 

1 

0 

4 >jib) = 

— 1 

q — q 

0 

0 


0 

0 



0 q~ 

-1 _ 

q 0 


0 

0 

0 


q 

0 

0 


0 

0 

0 


0 

1 

0 


0 

0 

0 


0 

0 

q-^ 


As a right D{H)-modnle, "Hog = Vi ® Vi © Vi, where each V/ is the right D{H)-modn\e 
with basis {ha, ^*2, hjs}. In this basis, the right action of a; G D{H) on v E V/ is given by 
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V < X = (j)[{x)v, where 



0 

1 

0 


0 

0 

0 

= 

0 

0 

g + q~^ 

4>-{E) = 

g + q~^ 

0 

0 


0 

0 

0 


0 

1 

0 


''q-^ 

0 

0 


' q^ 

0 

0 

m) = 

0 

1 

0 

m-") = 

0 

1 

0 


0 

0 



0 

0 



q 

0 

0 


0 

0 

0 

0'(a) = 

0 

1 

0 

m = 

g“^ — g^ 

0 

0 


0 

0 

g-1 


0 1 

-q^ 

0 


0 

0 

0 


g-^ 

0 

0 

0'(c) = 

0 

0 

0 

(f'iid) = 

0 

1 

0 


0 

0 

0 


0 

0 

q 


We see that (j)j{E) is a rank -2 matrix with null space spanned by {hij} and 0 '(-E) is a 
rank-2 matrix with null space spanned by {hji}. It follows that the subspace {n G 7^0,2 I 
E>-v = v<E = 0 } of highest-weight bivectors is spanned by hn. Elsewhere in this paper 
we refer to this bivector as 


Ye = hii = g ^(g — g ^YE'^K — q{q^ — q ‘^)Eac + Kc^, (5.3) 

and we note that vg = (1 - g^)viV4 - [vs, V2]g2. 

Remark 5 . 4 . We see that 7^2,0 is not isomorphic to 7^0,2 because b annihilates 7^2,0 but does 
not annihilate 7^0,2- 

Conjecture 5 . 5 . Based on these examples, we conjecture thatj-Lx^^ is generated as a D{H)- 
bimodule by hx^^ where 


^X,li 


j^-{X+fj,)/ 2 cX-ii 

j^-{X+ii)/ 2 blJ.->' 


ifX>ia, 
if \ < fi. 


6. Proofs 

6 . 1 . Proof of Theorem 14.11 We dehne a pairing ( , ): D{H) ® (if ® C) —)■ /c by 

{c ■ h,h ■ c) = (j){c,h)(j){c, h). (6.1) 


As described in Section [231 can use this pairing to dehne left and right actions of D{H) 
on if ® C. The rest of the proof is a direct calculation. 
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We define ◄; {H C) D{H) H ® C so that 

(c' ■ h', (h ■ c) ◄ {c ■ h)) 

= ((c ■ h) ■ {c' ■ h'),h ■ c) 

= (c • C(2) ■ h(2) ■ h',h ■ c)0(c(i), S'h(i))0(c(3), h(3)) 

= 0(c • C(2), h)0(c, h(2) ■ h')0(C(i), ^h(l))0(C(3), h(3)) 

= 0(C(2)C, h)(j){c, h(2)h')0(C(i), S'/i(i))0(C(3), /i(3)) 

= 0(C(2), ^(l))0(c, h(2))0(C(i), /l(2))0(C(2), /l')0(C(i), 5'h(i))0(C(3), h(3)) 
= 0(c', 5'h(i)h(i)h(3))0(c, h(2))0(C(i), /i(2))0(c(2), h') 

= (c' ■ h', ^h(i)h(i)h(3) ■ C(2))0(c, h(2))0(c(i), h(2)) 

= (c' ■ h', S'h(i)(c [> h)h( 3 ) • (c < h( 2 ))) 

and thus 

(h ■ c) ◄ c = (c > h) • c and (h ■ c) ◄ h = S'h(i)hh( 3 ) ■ (c < h( 2 )). 

We dehne ►; D{H) ® (if 0 C) —)■ if 0 C so that 

(c' ■ h', h ► (h • c)) = ((c' ■ h'){h), h ■ c) 

= (c' ■ h'h, h ■ c) 

= 0(c', h)(j){c, h'h) 

= 0(c',h)0(c(i),h')0(c(2),h) 

= (c'-h', h-C(i))0(c(2),h) 

= (c' ■ h',h ■ {h \> c)) 

and 

(c' ■ h',c>- (h ■ c)) = {{c' ■ h'){c), h ■ c) 

= (c' • C(2) ■ h(2), h ■ C)0(C(1), ^h(l))0(C(3), h(3)) 

= 0(c(2)c', h)(t){c, h(2))0(C(i), S'h(3))0(C(3), h(3)) 

= 0(C(2), h(i))0(c', h(2))0(c, /i(2))0(C(l), ^h(3))0(C(3), h(3)) 
= 0(C(2), h(i))0(c', h(2))0(c, h(2))0(>S'C(l), h(3))0(C(3), h(3)) 
= 0(C(2), h(i))0(c', h(2))0(5'C(i)CC(3), h') 

= 0(C(2), h(i))((c' ■ h', h(2) ■ (^C(1)CC(3))) 

= ((c' ■ h', (h < C( 2 )) ■ S'C( 1 )CC( 3 )). 

Thus 

c ► (h • c) = (h < C(2)) • S'c(i)CC(3) and h >■ (h ■ c) = h ■ {h > c) 


and the theorem is proved. 
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6 . 2 . Proof of Theorem 14.6L We recall the vectors from fl 5 .ll) . fl 5 . 2 p . and fl 5 . 3 p : 
vi = (g — q~^)EK~^ac — 

V2 = (g - g-^) Aac - f^Kac - q-^FKc^ + Ea^ 

V3 = ER-^ 

V4 = A 

V5 = K~^c^ 

vg = g~^(g — q~^YE‘^K~^o? — g(g^ — q~‘^)Eac + Kc^ 


Our goal is to show that '•“(if 0 C)^ has basis 

{VgV^VgV^} U {VgV^VgV^} U {VgVjvfv^} U {VgV^VgV^}. 


The biggest challenge is that E and E do not have a convenient commuting relation. By 
localizing at vg = EK~^, we will be able to write E in terms of other vectors with much 
better commuting relations (See Lemma l 6 . 4 p . We will do the same for a by localizing at 
c, and we will also show that neither b nor d appears in any highest-weight bivector. In 
summary, we will use the (not yet justihed) embeddings 

+ (iL 0 cy C ■^^[V3'^]+ C +^[vg'\ c"^]+ (6.2) 

where ^ C TT 0 O is the subalgebra with basis 

I rn,n,p,i G Z>o, A; G Z, e G { 0 , 1 }}. 

It will be relatively easy to hnd all highest-weight bivectors in (See Proposition 

16 . 5 p . We will then carefully determine which of these highest-weight bivectors can be written 
without c~^ or and this will give us our basis for '^{H 0 Cy. 

First we must conhrm that V3 and c are Ore elements in A. Using Proposition l 2 . 39 l fRecall 
also Dehnition 12.131 and Example 12 . 201 ) and notation [x,y\q = xy — qyx, we hnd the following 
relations: 


Lemma 6.1. The vector V4 is central in H ®C, and 

0 = [V3, V5]q2 = [V3, A]g-2 = [V3,a] = [V3,c] = [v5,iF] = [V5,a]q2 = [V5,c]. 

Corollary 6.2. Both V3 and c are Ore elements in A. 

Now we must also conhrm that 0 Cy C ■'■.^[vg + . This is not obvious, because 
. 4 .[v^^] appears to be missing b, d, and E. Certainly H®C We will resolve this by 

determining that 0 Cy doesn’t have b or d either fLemma 16 . 3 p . and that E G 
can be written in terms of other vectors fLemma 16 . 41 ) . 

Lemma 6.3. The subspace = {n G C | E ► n = 0} is spanned by {a*C | i,j > 0}. 
Furthermore, if v E FL, then E v = 0 if and only if v E H ® '^C. That is, ^{H 0 C) C 
H®+C. 

Proof. Recall that Ed ® C has basis {E'^E^Ah^dP \ ij = pn = 0}. Because 
E ► E^RA’^KyPRb^d^ = E^E^A’^Kypp'iE ► b^dy, 
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we must consider E ► Recall the notation [m]q = g_q-i ■ Now R' ► 6™ = [rnlgab^ 

E >■ E = [n]gcd"'~^, and K ^ E = q~"‘(E, so if n > 0 then 

E ► lEE = [m]gq-’^a}E-^<E + [n]g}Ec(E-^ 

= [m\gq^-^-^}E-\l + q-Hc)(E-^ + [n]gdE(E-^ 

= [m]gq^-'^-^}E-^(E-^ + 

We observe that there is a grading H ® C = where 

Am = span{i?*F-^ A^R'^^a^c^6'"(i’^ | i, j, k, i,n,p,r > 0 and ij = pn = 0 } 

and we let TTm: H ®C ^ Am denote the canonical projection. We also note that E ► Am C 
Am for all m > 0. 

Let V = J2 Oii,j,k,e,m,n,p,rE^F^ be a nonzero vector such that £' ► n = 0 , and 

let M = max{m G Z | nm{v) ^ 0 }. Then 

„2n _ „—2M 

71 m{E ► n) = V ^ 

q — q~^ 

i,j,k,n,p,r>0 ^ 

ij=pn=Q 

For this to be zero, we can have o.ij^k/,M,n,p,r 7^ 0 only if M = n = 0 . Thus v G 

span{£^*F-^A^iF^a^c''}. □ 

Lemma 6 . 4 . H®^C is a subalgebra o/.4,[v3^]. 


Proof. We write E = v^K, 

E={EE){yrsK)-^ 

qK + q-^K-^ 


= V 4 


{q-q-^y 




= q‘^^3 ^V4iF ^ - 


q 


{q-q-y^ 3 


Vo ^ — 


-1 IV—2 


-n 2 ''3 




and 


□ 


We have verihed the statement fl6.2p . We will now hnd a basis for ’''.^[vg ^,c which 
we can use later to hnd a basis for +(if 0 C)^. 


Proposition 6 . 5 . The algebra ’•'^[vg \ c is generated by {vi, vf V4, v^^}. 

Proof. Because (g — g“^)a = vivj'^c”^ + v^^vsiFc”^, we know that 

[wlvffwlwlK^P I s,n > 0 and e G { 0 , 1 }} 

is a basis of . 4 ,[vj'\ c~^]. 

We already know that E >■ v = 0 for all v G v 4 .[v^^, c“^]. We therefore must show 
that the solutions to n ◄ £' = 0 are those vectors v belonging to the subspace spanned by 
{v^v^vjvg I s,n > 0 }. Suppose that 

0 = {Y.^l'^T^2^5E''{as,m,n,p,k + c(3s,m,n,p,k)) ◄ E 

where the a’s and /S’s are coefficients. We will show that ( 3 s,m,n,p,k = 0 for all indices and 
C(s,m,n,p,k = 0 whenever /c 7^ 0 . Now 

K’^ ME = - 1 )EK’^ = 
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and 

K^c<E= ◄ E){c <K) + K\c ◄ E) 

= - l)EK\-^c + K’^il - q-^)Ec 

= - g"^)v3i^"+^c + (1 - q-^)K^VsKc 

= - g"^)v 3 i^^+^c + - g 2 ^-^)v 3 ir''+V 

= (g'" - g-')v3ir"+'c 
so 

0 = {T.^i^T^2^5K''{<^s,m,n,p,k + Cj3s,m,n,p,k)) ◄ E 

= E ^l^T^2^5i^^(^^,rn,n,p,k + C/3s,m,n,p,k) ◄ E) 

= E ViV^v2vfv3i^*=+l((g2^ - l)as,m,n,p,k + C{q^’' - q~^)l3s,m,n,p,k) 

Thus if as^m,n,p,k 7^ 0 then g^^ = 1 , so fc = 0 since g is not a root of unity. Also if j 3 s^rn,n,p,k 7^ 0 
then 2 k = —1 which is impossible for /c G Z. □ 

Now that we have a generating set for ^^[vg \ we will step back to by 

determining which vectors in can be expressed without c~^. 

Proposition 6.6. The algebra ’'".A[v3^]+ is generated by {vi, V4, V5, vg}. 

Proof. We wish to hnd (vi, V4, n ^[vg ^]. We notice that c does not occur in vg or 
V4, but only in Vi and V5. Therefore, if G A[v^^] then s > 0 . In fact, it must be 

that s > 2 so that is a factor in v^v^vj. Since s > 2 , we may substitute = vg. □ 

Our hnal task is to step back to (8) C)^ by determining which vectors in 
can be expressed without This will be much more challenging than removing c~^ 

(Proposition [6]6]), because is what gave the algebra quasi-commuting generators. 


Definition 6.7. Recall that {E^E'^K^^a^c’^} is a basis for H®~^C (See Lemma lOD . Dehne 
A to be the projection oi El ® onto the subalgebra given by 


X{E^E^K^Pa^c^) 


E^’K^^a^c^ if m = 0, 
0 if m > 0. 


Remark 6.8. One may view A as the quotient by the right ideal generated by E. 

Remark 6 . 9 . If B is the algebra (F, a, c), then X: H® '^C —>■ R is a morphism of right 
R-moduIes. 


In particular. 


A(vi) = -c^ 

( 6 . 3 a) 

A(v3) = 0 

( 6 . 3 b) 


( 6 . 3 c) 

A(v5) = K~^c^ 

( 6 . 3 d) 

A(vg) = Kc^ 

( 6 . 3 e) 


Now A(v2) 7^ A(v2)A(v 2) because of the complicated relations between E and E, so A is not 
a morphism of algebras. But if we avoid V2 then we see some useful structure: 
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Proposition 6.10. Let R be the algebra generated by {vi, V 3 , V 4 , V 5 , vg}. Let M be the left 
R-module with R-basis {vg} where the action is r t> r'vtf = (rr')v 2 . Then the restriction of 
\ to M is an R-module homomorphism, where the action of R on \{M) is r \> v = \{r)v. 

Proof. Because a, and c each quasi-commute with E, we conclude that A(vjVj) = 

A(vj)A(vj) for i,j G { 1 , 3 , 4 , 5 , 6} since F does not appear in any of those vectors. Thus A, 
when restricted to R, is a ring homomorphism. By the same argument, A(vjV2 ) = A(vj)A(v2) 
when i ^ 2. □ 


Lemma 6.11. Let u G (vi, V 2 , V 4 , V 5 , vg) (Z H ® . Then u can be written as a finite sum 

u = w\ui where each Ui belongs to the span of 


S = {v^v^v*} U {v^v^v^} U {v>^v*} U {v>gv^}. 


Proof. Recall that {vi, V 4 , vg, vg) is commutative, and recall that V 2 and V 3 each quasi¬ 
commute with vi, V4, vg, and vg, but not with each other. We simply replace all occurrences 
of vgVg and V1V4 using the identities 

vgvg = vj and V1V4 = V3V2 - vg - vg. 

This introduces V3’s, but only such that they appear to the left of the V2’s. For example, 

V1V4 = Vi(viV4)v4 = Vi(v3V2 - (g.^^-ip Vg - Vg) V4 

= V3(V1V4)V2 - (VlV4)Vg - (^_\-i)2 (VlV4)Vg 

and so on. One must be careful not to group this as vfv| = (viV4)(viV4) and replace both 
at once. □ 


Proposition 6.12. The set S from Lem,m,a \6.11\ is linearly independent, and the restriction 
of A to the span of S is injective. 


Before we prove this proposition, let us consider how it will be used to prove Theorem 
14.61 By Proposition 16.61 and the quasi-commutativity of the vectors vi, V3, V4, vg, and vg, 
we may write any highest-weight bivector w G O (H <8) C) as 

m 

W = Up + V3~'»j, Mo e (vi, V3, V4, Vg, Vg), Ml, . . . G (vi, V4, Vg, Vg). 

i=i 

Now we apply Lemma 16.111 to ui,... ,Um and cancel v^^^vs in the above sum wherever 
possible. Regrouping terms, and recalling vg,vg G (vi, V2, V3, V4), we get a new sum 


w = yo + ^^ 3 'yi, 2/0 e (vi, V2, V3, V4), ?/i, ...,?/„ G span(S'). 

i=l 

Now Vg^^tc = z -h vf^yn where z G (vi, V2, vg, V4), so yn = v^w — vpz. Then A(yn) = 
A(v^w — vpz) = 0. Since yn G span(S'), it follows from Proposition 16.121 that yn = 0. 
Similarly yn-i = yn-2 = • • • = 2/1 = 0. Thus w = yp, so w E (vi, V2, vg, V4). 

Not only does this show that (g) C)+ = (vi, V2, vg, V4), but Proposition 16.121 also 
implies that 


{v^vrvfv^} U {v^v-v^v^} U {v^v^fv*} U {v^v^^v^} 


is linearly independent, proving Theorem 14.61 It remains to prove Proposition 16.121 
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Proof. Let u belong to the span of S, and suppose that \{u) = 0. We may write u = 
where each coefficient at is nonzero, each ut is a vector belonging to the set 

S' = {v^vf} U {v^v^} U {vX I n > 0} U {v^ I > 0}, 

and MiV 2 * = only if i = j. We will show that the index set is empty, which will prove 

both parts of the proposition at once. 

Suppose 7 ^ 0. Let s = max{sj}jgQ and = {i G | s* = s}. (We will actually show 
that is empty, which is a contradiction, implying = 0.) Recall that 

V 2 = (<? — (?~^)Aac — — q~^FKc^ + Eaf. 

Recall also that {E'^F^\ ij = pn = 0} is a basis for H ® and let be 

the projection onto the subspace where j = s. Because F does not appear in any Ui and 

because Sj < s for alH G \ 'L, we have 

Tisiu) = = TT^ EiGM. atUi^-q-"^FKc^f. 

By Proposition 16.101 

7r,(A(M)) = =Yi(i<^(^iKui){-q~^FKcy. 

Because A(k) = 0, it follows that 


EiG^* — 0 - 

We will show that the vectors X{ui) are linearly independent, so d' = 0. 
Because {ui} C S', we apply fl6.3p to get 

A(vfvf) = (-I)"^ip-Pc2(™+P) 

A(vj"v(:) = ^-l)mj^r^2im+r) 


A(v>f) = 


n\ q 


n-2j 


-^0 w7 


j^-{n-2j)-p^2p 


= E 


^T}\ 

^ \ y j^-{n-2j)+r^2r 


\jj 


(6.4) 


(6.5a) 

(6.5b) 

(6.5c) 


(6.5d) 


n 


''4 ^^5 




jG'I' 


for some p or vj Vg 


{ui}i^^ for some r} and suppose 


Dehne N = max | 
that > 0. 

If Ui = v^Vg for some i G d', then fl6.5cp shows that one of the summands {j = 0) of X{ui) 
is q^{q — g“^)“ 2 »T-p^-(N+p)^ 2 p_ Now fl6.4p shows that X{ui) has linear dependence with the 
other terms, so some X{ui') must include a nonzero multiple of We note that 

2p < 2{N + p), and neither fl6.5ap nor fl6.5bp can produce a term whose powers of c and K 


V4V6j 


have this property, and fl6.5cp cannot either because n < N. Now fl6.5dp shows that A( 
can produce such a term, but only if r = p and n = + 2j + 2p for some j > 0. Because 

N was chosen to be maximal, we would need j = p = 0. But then r = p = 0 and n = N, 
so v^Vg = v^Vg is just the original Ui. Therefore X{ui) is linearly independent of the other 
possible summands, so fl6.4p implies we cannot have Ui = v^Vg for any i G T. 

Similarly, if Ui = v^Vg for some i G T, then fl6.5dp shows that one of the summands 
(j = N) of X{ui) is g“"'(g — Such a term could be produced only by fl6.5cp 

when p = r and 2j — n = N + 2r for some j < n, but because N is maximal we would need 
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j = n = N and r = p = 0, in which case Vg is just the original Ui. Therefore for 

fl6.4p to hold, we cannot have Ui = v^Vg for any i G T. 

We have shown that N must be zero, so {m, C {vj^Vg} U {v™ Vg}. But the powers of 
K and c in flb.Sap and fl6.5bp show that A(v™vf) and A(v™Vg) are linearly dependent only 
when p = r = 0 and m = m' . Therefore, fl6.4p implies 4/ = 0. We conclude that = 0. □ 


6.3. Proof of Corollary 14.101 We count the vectors of degree n in the basis given in 
Theorem 14.61 where the vectors vg and vg have degree 2. There are vectors of degree 

n in {v|vj"v|}, and vectors of degree n in {vgV^vl}, and vectors of degree n in 
the intersection {vgvl}. This gives 

(T) + (T)-(T) = (^ + i)' 

vectors of degree n in {vgvj^vl} U {vgV^vl}. 

Now we consider {vgvj^Vgvl} U {vgV^Vgvl}. There are ((n — 2) + 1)^ = (n — 1)^ vectors 
of degree n with p = 1 because deg(v 5 ) = 2, and there are (n — 3)^ vectors of degree n with 
p = 2, and so on. 

The same happens when we introduce vg. Therefore the number of vectors of degree n in 
the full basis is 


{n + if + 2{n - if + 2{n - 3)^ + 2(n 


5)2 + ...+ 



if n is even, 
if n is odd. 


( 6 . 6 ) 


For even n, this is 

n n n n 

1)2 + 2 ^(2i - 1)2 = (n + 1)2 + 8 ^ *2 _ 8 ^ ^ ^ 2 ^ 1 


[n 


i=l 


i=l 


i=l 


i=l 


9 

rr n n 


= (n + l)2 + 8—+ —+ — -8—+ - +2- 


24 


= \{n +2n + 3)(n + 1). 


12 


n n 


8 4 


n 


For odd n, the sum (n +1)^ + 2 X]!=i ^^'^^(2*)^ is also + 2n + 3)(n + 1). Therefore, the 
Hilbert series is 

-| OO 

h{t) = - + 2?7, + 3)(?7, + 1)C 


71=0 

OO 


[(n + 3)(n + 2)(n + 1) - 3(n + 2)(n + 1) + 3(n + l)]f' 


71=0 


1 


3 dt^ 
1 d^ 


71=0 


d^ 




dt'^ 

d^ 


71=0 


3 dt"^ \ l — t J df^ \ l — t J dt\l — t 
2 2 1 


d 
+ ^ 


71=0 

1 


{l-tf {l-tf {l-tf 
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6.4. Proof of Main Theorem 14.21 For each pair of nonnegative integers A and /i satisfying 
A — /i G 2 Z, we define to be the iA(f/g(sl 2 ))-biniodule generated as follows: 

0,^1 if A > A, 

By Lemma 12.161 and Corollary 14.81 each vector in "H belongs to a sub-bimodule generated 
by vectors in ^{H 0 C)+. By Theorem 14.61 ^{H 0 C)+ C 

At this point it should not be surprising that written as an internal 

direct sum 0 for the following reason. We believe that "Ha,/^ 

we know that products Vai,/ai <8 Va 2 ,m 2 obey the Pierri Rule, implying that tensor powers of 
Vi^i span the subalgebra 0 Va,m where A — /x is even. Therefore powers of ® h^i*i) 

decompose as sums of /Sy, ^(Va,/a ® where A — /i G 2Z. 

We will verify that vfvg and v^Vg generate simple left iA(f/g(s[ 2 ))-modules with ^ + 1 
and A -I- 1 highest-weight vectors, respectively, and fl 6 . 6 p shows that this accounts for all 
highest-weight bivectors of appropriate degree. 

The relations Ec = qcE and Kc = q^cK (See Example r2.38p prove the following lemma. 

Lemma 6.13. Let v be a highest-weight vector of weight m in a left D{Uq{5{2))-module. If 
c >■ V is nonzero, then it is a highest-weight vector of weight m -\-2. (A similar result holds 
for right modules.) 

First we consider the case A = p -|- 2s > /x. We will show that has highest- 

weight vectors | rx = 0,1,...,/x} and that this module is simple. The following 

lemmas are proved by straightforward but tedious calculations from the actions of D{Uq{5l2)) 
on various products of vectors. Those actions are included at the end of the section. 


Lemma 6.14. For any collection of nonnegative integers I, n, and s, 

c ► (v^v>^) = 

Lemma 6.15. For any collection of nonnegative integers I, m, n, and s we have the following 
four left actions: 


TP ^ _ /I 2n—4s'i.,T+l n—^ 

► (VgVgVgj - (i - g jVg Vg 


,1—2n—2s 


[2?X 2s]gV3U4iV" 


n— 


.m+s+lr/?! l_,m+l__n__s 




V3U44 V4 Vg - q- -- [i]qVl ^U44 ' Vg 


d ► + q 




^—m—2n—s—l r 


41 


J9V3 V. 


WW- 


The proof uses the relation Vih 2 i = {q — q ^)q ^vgVg -|- q ^U 4 iV 5 to calculate the action of 
F (The bivectors U 41 and V 21 are from Examples 15.11 and 15 . 2 p . This lemma implies that 


l^^2+s(^q-e+s-id _ g^-*+ia)ir + [2rx + 2s],(g^+^ + 


= q 


l-2£-5n-3s 


(1 + g2^+2»A+2 _ ^2mn+4s+2 _ ^4f;+6n+4s+4^ j-g 


Because g is generic and i,n,s > 0, fl6.7p is zero if and only if rx = 0. Therefore the vector 
Vg^^v^^^Vg is in the span of fl6.7p and F ► (vgV^Vg), proving the following. 

Corollary 6.16. If a left submodule 0 /77^+28 ,contains the vector VgVgVg where n > 1, 
then this submodule also contains the vector Vg^'^^Vg^^Vg. 
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This shows that {v; 


IX — 7X 77 c 

^ V^Vg 


n = 0,1,...,/i} is the set of highest-weight vectors in 


(vfvg''' and that this module is simple. We use similar reasoning for the case /i = 

A + 2s > A, but vg takes the place of vg. 


Lemma 6.17. For any collection of nonnegative integers n, and s, 

c ► (v^v>^) = 

Lemma 6.18. For any collection of nonnegative integers m, n, and s we have the following 
four left actions: 

P ^ ^ — I ^1 —2n —2srO^ I Oril 


(VWX) = (1 


g- 2 ")v^+iv”-V^ + + 2s]gV^n4ivr^v* 




= (q 


—i—2n—3s 


g'+^)gv^n4ivrV^ - q 


^2—2n—3s 






41''1 


^m-e-s e m n s 
''3^41''l ''6 


a ► (v3n44ViV6) = q 
d *■ (v'„”vrv‘) = 9 '-’"+'v|„™v?v‘ + q 


[«],Vs 

—m—2n—3s—l 


— 72 S 


V, 


41 


ViVg 




^—l m+1 n s 


V 


41 


Vi V 


1 '' 6 - 


The proof uses the relation Viii 2 i = q ^n 4 iV 6 to calculate the action of F (The bivector ii 2 i 
is from Example 15.31) . This lemma implies that 


irf - g^+^+ia)F + [ 2 n + 2 s],(g^+^ + 


► 


= q 


l-2e-5n-7s 


(1 + (1 - q^^q 


2n\ 2£-\-2n-\-4s 


q 


,4^+672+85+4 


) [n + 2s]gV3n4iV4 


72—1, ,S 


( 6 . 8 ) 


Because q is generic and i,n,s > 0, 


is zero if and only if n = s = 0. Therefore the 


vector Vg ^Vg is in the span of fl6.8p and F ► (v++g), proving the following. 
Corollary 6.19. If a left submodule o/'H a,a+ 2 s contains the vector v++g where n > 1, 


then this submodule also contains the vector V 3 ’'"^V 4 ^Vg. 

This shows that {vg^^'v^Vg | n = 0,1,..., A} is the set of highest-weight vectors in 
(v+g^ and that this module is simple. 

We conclude by listing the actions needed to verify Lemmas 16.14116.151 16.171 and 16.181 
The following lemmas are all proved by induction using the actions given in Examples 15.11 
15.21 and 15.31 


Lemma 6.20. For any nonnegative integer n, 


-n^n 


a ► Vg = g 

Ag = [ri-JqVg 


.72—1^ 


3 - q[n]q^3 ^^41 


V 3 = [’^JgVg 


,72—1, 


6 ► v” = [nloVq ^V3i 


Vl 

-ir 


d ► Vg = g^'Vg g [njgVg ^41. 


The proof uses the relations viVg = vgVi, UsiVg = vgUgi, n 4 iV 3 = V 3 n 4 i, UsiVi = — (g — 


g+4lT31- 

Lemma 6.21. For any nonnegative integer n, 

a ► = v" 5 ► v” = (g-2^ - l)gn4ivr^ 

The proof uses n 4 iVi = g^vin 4 i. 

Lemma 6.22. For any nonnegative integer n, 

F ► v" = (1 - g"^")v3V+i + gi-2"[2n]gn4iv+i 


g ^)gv 3 n 4 i - g+l^, viUgi = -(g - g ^)g + 3^44 - g +|g, n 4 iVi = gWin 4 i, and ^ 31^41 = 
..2, 


v" = 0 d ► 
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The proof uses V1V3 = V3V1 and U41V1 = g^viU4i. 

Lemma 6.23. For any nonnegative integer n, 

a ► <1 = q"v2^ 6 ► t;” = 0 c ► <1 = 0 

Lemma 6.24. For any nonnegative integer n, 
a ► v" = b 


v^ = 0 


c ► = 0 


.,ri _ „-n n 

^41 — q ^ 41 - 


d ► v" = 


5 • 


V 5 = q^ 


''[2n]qV2l^ 


Lemma 6.25. For any nonnegative integer n, F 
The proof uses U 21 V 5 = g^V 5 h 2 i. 

Lemma 6.26. For any nonnegative integer n, 

a ► vS = t ► Vs” = - l)v2,vr‘ 

The proof uses h 2 iV 6 = g^V 6 h 2 i. 

Lemma 6.27. For any nonnegative integer n, F ► Vg = g^“^"'[2n]gh2iVg“^ 
The proof uses h 2 iV 6 = g^V 6 h 2 i. 


< = 0 , 


d 


_ n n 

^6 — q • 
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